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Abstract. We characterize the image of the period map for cubic fourfolds with at worst simple 
singularities as the complement of an arrangement of hyperplanes in the period space. It follows then 
that the GIT compactification of the moduli space of cubic fourfolds is isomorphic to the Looijenga's 
compactification associated to this arrangement. This work builds on and is a natural continuation 
of our previous paper on the GIT compactification of the moduli space of cubic fourfolds. 



1. Introduction 

An indispensable tool for the study of K3 surfaces is the period map. The period map for 
K3 surfaces is both injective (satisfies the global Torelli theorem) and surjective. It follows that 
the moduli space of algebraic K3 surfaces of a given degree is the quotient of a 19-dimensional 
bounded symmetric domain by an arithmetic group. This explicit description of the moduli space 
has numerous geometric applications, for example to the study of deformations of certain classes 
of surface singularities (e.g. the work of Pinkham [40], Looijenga [29], and others). The study 
of deformations of higher-dimensional singularities led us to consider the period map for cubic 
fourfolds, which is well known to behave similarly to the period map for K3 surfaces. Specifically, 
as in the case of K3 surfaces, the period domain V for cubic fourfolds is a bounded symmetric 
domain of type IV of the right dimension, and the global Torelli theorem holds (Voisin [S]). In 
this paper we analyze the complementary question, the question of surjectivity (or more precisely 
of characterizing the image) of the period map for cubic fourfolds. A surjectivity type statement is 
needed in applications, especially the applications regarding the degenerations and singularities of 
cubic fourfolds. Our work builds on the results of Voisin ^^8] and Hassett [2T], and was inspired by 
the recent work of Allcock-Carlson- Toledo [H [2] and Looijenga-Swierstra ^33j on the moduli space 
of cubic threefolds. 

As announced, our main result is a positive answer to a conjecture of Hassett [21^ §4.4]. 

Theorem 1.1. The image of the period map for cubic fourfolds Vq : M.q T)/T is the complement 
of the hyperplane arrangement Tloo U Ha (see Def. \2. Furthermore, the period map extends to 
a regular morphism V : Ai ^ T> /T over the simple singularities locus with image the complement 
of the arrangement TCoo ■ 

We note that the theorem is analogous to the corresponding statement for degree two K3 surfaces. 
Specifically, the hyperplane arrangement TCoo U Ha is the analogue of the hyperplane arrangement 
corresponding to the (— 2)-curves in the K3 case (see §2.2.2p . As in the case low degree K3 surfaces, 
the two components Ha and Hoo are distinguished by arithmetic properties and they parametrize 
mildly singular and respectively degenerate (in terms of polarization) varieties. Finally, again 
completely analogous to the K3 situation (see [30] for the degree 2 case), a stronger result holds: 
the GIT compactification M of the moduli of cubic fourfolds is an explicit birational modification 
of the Baily-Borel compactification (T>/T)* of the period space. 

Theorem 1.2. The period map for cubic fourfolds induces an isomorphism 
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where M is the GIT compactification of moduli space of cubic fourfolds, and V/T denotes the 
Looijenga's compactification associated to the arrangement of hyperplanes Tioo- 

Theorem 11.21 follows immediately from Theorem 11.11 and the general results of Looijenga (esp. 
[311 Thm. 7.6]). Thus, we are mainly concerned here with establishing Theorem ll.li For this we 
take an incremental approach, following the arguments of Shah [43] on the surjectivity of the period 
map for degree two K3 surface. We start by computing the GIT compactification M of the moduli 
space of cubic fourfolds. By studying the monodromy around cubic fourfolds with closed orbits, we 
conclude that the indeterminacy of the period map is a curve x- Next, we successively blow-up M. 
first in a special point u; G X) then in the strict transform of x- A new monodromy analysis 
for the blow-up, allows us to conclude that Theorem 1 1 . 1 1 holds . Further details on the organization 
of the paper and the main intermediary results are given below. 

The GIT computation for the moduli space of cubic fourfolds was done in Laza [27] (for some 
partial results see also Yokoyama |50|). The relevant details from [27j are given in section [2j 
Basically, what we need from the GIT computation are the following results. First, a cubic fourfold 
having at worst simple isolated singularities, called of Type I, is GIT stable. In particular, we 
can talk about the moduli space M of such cubic fourfolds; this is the natural space where the 
period map for cubic fourfolds extends. Next, the boundary of M. in the GIT compactification 
M is naturally stratified in 3 types, labeled II, III, and IV. This stratification is closely related to 
the stratification of Shah [43 ^ Thm. 2.4]: all the singularities that occur for Type I-III fourfolds 
are double suspensions of Shah's insignificant singularities ([42]). In particular, it follows that the 
singularities allowed for Type I-III are very mild and cause no problem for the period map. On the 
other hand, the Type IV fourfolds have "cohomologically significant" singularities. This produces 
singularities for the period map along the locus parametrizing Type IV fourfolds, a rational curve 
X containing a special point uj. We note that the Type IV fourfolds play the same role as the triple 
conic for plane sextics ([43]) or the secant threefold for cubic threefolds ([2| [33]). 

Based on the GIT results mentioned above, the proof of the Theorem 11.11 follows in two main 
steps. The first step, completed in section [3l is to prove that we can control the monodromy of 1- 
parameter degenerations of cubic fourfolds with central fiber of Type I-III. There are two ingredients 
for the proof of this statement. First, in ^3.1[ we prove that the natural specialization morphism 
associated to the degeneration induces an isomorphism on certain pieces of the corresponding mixed 
Hodge structure. Thus, the question about the monodromy of the family is reduced to checking 
some statement about the mixed Hodge structure of the central fiber Xq. But then, the mixed 
Hodge structure of the singular cubic fourfold Xq can be computed by using a projection from a 
singular point (see i l3.2p . As already hinted in the previous paragraph, the essential fact that makes 
the proof work is that the singularities of Type I-III fourfolds are suspensions of special surface 
singularities, the so-called insignificant limit singularities of Mumford and Shah. 

In section Hj we analyze the degenerations to Type IV fourfolds, completing the second step 
of our proof. An analysis of the generic degenerations was done by Hassett |21( §4.4] (for uj) 
and Allcock-Carlson- Toledo [21 §5] (for another special point on x)- We need to see that this 
analysis works also in the non-generic case. For this we proceed as follows. From the monodromy 
computation of section [3l we know that the curve x parametrizing the Type IV fourfolds constitutes 
the indeterminacy locus of the period map. Some blow-up of an ideal sheaf supported on x resolves 
the indeterminacy of the period map. Thus, the essential question is to explicitly understand 
this blow-up. Using again the GIT results, we recall that M is a. GIT quotient and x C is 
characterized by the fact that it is the locus of semi-stable cubic fourfolds with the largest possible 
stabilizer. It is therefore natural to consider the canonical Kirwan partial desingularization ( [24] ) 
of M. along x- This consists of blowing-up the special point w G X) followed by the blow-up of the 
strict transform of x in a natural way (see §4.ip . Over the resulting space M. ^ M the period 
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map essentially extends. Namely, we show that by doing these two blow-ups we replace the Type 
IV fourfolds by some fourfolds, that we call of Type I'-III', having the same type of singularities as 
the cubic fourfolds of Type I-III. The main point of this procedure being that due to the canonicity 
of the Kirwan's procedure we can interpret geometrically the exceptional divisors of A4 ^ A4 (see 
§4.2p . We conclude by controling the monodromy for 1-parameter degenerations to Type I'-III' as 
in section [3l This is enough to complete the proof of Theorem II. li 

In the last section, we put everything together and prove the two main theorems 11.11 and 11.21 
As a simple application, we note that from Theorem 11.21 and the results of Looijenga [31] we can 
recover some information about the GIT compactification purely in arithmetic terms (see §5.3p . 

The Fano variety of lines on a cubic fourfold X is an irreducible symplectic fourfold F deformation 
equivalent to the IIilb^(5) for S a K3 surface ([6]). The periods of X are essentially the periods of 
F. For irreducible symplectic fourfolds the surjectivity of the period map is known. However, the 
linear systems on symplectic fourfolds are not well enough understood (see [22]) to make possible a 
characterization of the image of the period map for cubic fourfolds starting from the Fano variety. 
On the other hand we note that locus Woo/T excluded from the image of the period map for cubic 
fourfolds corresponds precisely to irreducible symplectic fourfolds of type Hilb^(5) for S a degree 
two K3 surface. These type of fourfolds are not Fano varieties of cubic fourfolds, but rather of 
certain quadric bundles associated to degree two K3 surfaces (see N4.2p . The Kirwan blow-up 
enlarges the moduli space of cubic fourfolds M to include these quadric bundles. The first blow- 
up corresponds to generic degree two K3 surface, and the second to the special (i.e. unigonal or 
elliptic) ones (see §4.ip . In conclusion, we essentially obtain surjectivity for the period map for 
cubic fourfolds compatible with the surjectivity for irreducible symplectic fourfolds. 

Eduard Looijenga [28] obtains results similar to our main results by a different method based on 
the techniques developed in |31l I32| . We would like to thank him for informing us about his work. 

1.1. Notations and Conventions. Our notations and terminology are based on Mumford [36] 
when we refer to GIT, on Arnold et. al. [3] when we refer to singularities, and on Griffiths et al. 
[17j when we refer to Hodge Theory. Additionally, we are using freely the notations of Laza [27J 
(esp. [271 §1-3]). In particular, A^O) and A4 denote the moduli space of smooth cubic fourfolds, 
of cubic fourfolds with simple (A-D-E) singularities, and the GIT compactification respectively. 

2. Preliminary results 

In this section we collect a series of results that we will need in the subsequent sections. Some 
are well known general results, others are specific to cubic fourfolds and are based mostly on Voisin 
[M], Hassett [2lj, and Laza [27j. 

2.1. The GIT compactification of the moduli space of cubic fourfolds. The computation 
of GIT compactification Ai of the moduli space of smooth cubic fourfolds A4q was carried out in 
|27| . What we need from [27] are following three results: 

(GIT 1) A cubic fourfold with at worst simple singularities is GIT stable (cf. [27^ Thm. 1.1]). We 
call such a fourfold a Type I cubic fourfold, and denote by A4 their moduli space. 

(GIT 2) The boundary Ai \ A4 is naturally stratified in 3 types (II, III, and IV). The type II and 
III fourfolds have mild singularities. The stratification is explained below, and the allowed 
singularities are defined in 12.41 

(GIT 3) We have a good understanding of the closed orbits corresponding to Type IV. In particular, 
the fact that they have a large stabilizer plays an important role. 
According to [271 Thm 1.2], the boundary o^A4m^A consists of 6 irreducible, closed components, 
that we labeled a-(j). The boundary (aU ■ ■ ■U(j)) contains the following degeneraci loci (see tabled]): 
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a, T, X, ^, and C (by convention each stratum a, . . . , u; is considered closed by taking the closure in 
M). We also note that inclusions C G r C <t, and w G x C o". With this notation, the stratification 
of the boundary \ is given by: 

(Type II) the open stratum (aU ■ ■ ■U(f))\a, which has the property that the corresponding 
minimal orbits are of Type II in the sense of definition 12.11 below; 
(Type III) the surface (j\x (including the special cases C £ 7" C a); 
(Type IV) the curve x (including the special case w). 
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Table 1 . The Type II boundary stratum of M 



Definition 2.1. We say that a cubic fourfold X is of type II if it is not of Type I, but all the 

singularities of X are of one of the following types: 

(0) isolated singularities of type An, Dm, or Er (for r = 6, 7,8); 

(1) isolated singularities of type Er (for r = 6, 7, 8); 

(2) non-isolated singularities of type ^oo; 

(3) non-isolated singularities of type Doo- 

Remark 2.2. A Type II fourfold has naturally associated an elliptic curve, that we call the elliptic 
tail. Namely, the singular locus of a Type II fourfold can be as follows: 

(1) The cubic fourfold has an isolated singularity of type E^- The blow-up of this singularity 
produces a fourfold singular along an elliptic curve C. 

(2) The cubic fourfold is singular along an elliptic normal curve C, and the singularities along 
C are of type A^o- 

(3) The cubic fourfold is singular along a rational normal curve C with A^o singularities at all 
but 4 distinct points on C, where the singularity is of type Dqo- 

The curve C (or its double cover) is called elliptic tail. A Type II fourfold can have several 
singularities as above, but the j-invariants of the corresponding elliptic curves are equal. 

A type III fourfold is a degeneration of a Type II fourfold. Roughly, the elliptic tail introduced 
in the previous remark becomes singular, but only with ordinary double points singularities. For 
example, a generic Type III fourfold with closed orbit is singular along a rational normal curve of 
degree 4 with 2 special points. The most degenerate case of a cubic fourfold of type III is the case 
C, corresponding to the closed orbit: 

(2.3) C- g{xo,. . . ,X5) = X0X4X5 + X1X2X3. 

The fourfold of type C is singular along 9 lines, meeting in triples. At the intersection point of 3 
singular lines, the singularity is of type Too ^ 00, 00 • 
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In the study of degenerations of K3 surfaces, Shah has observed that the fohowing 6 types 
of singularities play a particular role both in terms of the GIT stability and of the topology of 
1-parameter degenerations. 

Definition 2.4. We say that a hypersurface (^,0) C (C^,0) has a singularity of type {tl-t6) at 
the origin if its defining equation is one of the following: 

(ti) : the equation of an isolated rational double point, i.e. An, Dm, or E^; 

{12) : X2X3, i.e. double line or Aoo] 

(ts) : xfx2 + X3, i.e. ordinary pinch point or Doo', 

(^4) : x| + (xi + aix|)(xi + a2X2)(xi + 03X2) + g{xi, X2) with ordo(5') > 6 with respect to the 
weights 2 and 1 for xi and X2 respectively, and such that at least two of the Oj are distinct; 

(t^) : x| + /4(xi, X2) +5'(xi, X2) with /4 a homogeneous polynomial of degree 4 and ordo(5) > 4, 
and such that /4 has no triple root; 

(^e) '■ f3{xi, X2, X3)+g{xi, X2, X3) with /s a homogeneous polynomial of degree 3 and ordo(5) > 4, 
and such that /a has at worst ordinary double points as singularities. 

where g is a convergent power series in the appropriate variables. 

Remark 2.5. The singularities occurring in Shah's list are precisely the 2-dimensional semi-log- 
canonical hypersurface singularities (cf. [31 Ch. 15] and [25^ Thm. 4.21]). The relevance of this 
fact is that for surfaces three different concepts of measuring the complexity of a singularity are 
almost equivalent: semi- log-canonical, cohomological insignificant (|1H I46j). and GIT stable ( |35i 
§3], [20, §10]). This gives a conceptual explanation of the close relation between the GIT and Hodge 
theoretical construction of the moduli of low degree K3 surfaces. 

As mentioned in the introduction, a key fact for us is that the singularities occurring for cubic 
fourfolds of Type I~III are precisely the suspensions of the singularities occurring in Shah's list. 

Lemma 2.6. Let Xq be a semi-stable cubic fourfold with minimal orbit of Type I-III, and p € Xq a 
singular point. Then we can choose local analytic coordinates xi, . . . , X5 at p such that the equation 
of Xq is given by 

/(xi,X2,X3) + xl + xl 

with f defining a surface singularity of type (ti-tQ). □ 

Finally, the Type IV cubic fourfolds are parameterized by a rational curve containing a special 
point uj. A fourfold with closed orbit parametrized by x \ "-^ is singular along a rational normal 
curve with A2 transversal singularity. The degenerate case lo corresponds to the secant variety of 
the Veronese surface in P^. In particular, the singular locus in this case is a surface. We note 
additionally that the fourfolds with closed orbit of type IV have large stabilizers: SL(2) for the 
generic case, and SL(3) for uj. The relevance of Type IV fourfolds comes from the fact that they 
lie in the indeterminacy locus of the period map. The degenerations to to are studied in Hassett 
|2H §4.4], and the point of x with extra /i3-automorphism occurs in Allcock-Carlson- Toledo [2]. 

2.2. The period map for cubic fourfolds. The period map for cubic fourfolds is defined by 
sending a smooth cubic fourfold X to its periods: 

Vo-Mo^ v/r. 

The space V is the classifying space of polarized Hodge structures on the middle cohomology of a 
cubic fourfold, and T is the monodromy group. 

Notation 2.7. We denote A := (1)®^^ (— 1)®^-*^ the abstract lattice isometric to the integral 
cohomology of a cubic fourfold, by /i G A the polarization class (the square of the class of a 
hyperplane section), and by Aq := {h)^ = E®"^ © ?7®^ A2 the primitive cohomology. 
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The Hodge numbers of a cubic fourfold are h^'^ = = 0, h^'^ = /i^'^ = 1, and /i^'^ = 21. 
Thus, the classifying space of the Hodge structures for cubic fourfolds is a 20-dimensional Type IV 
bounded symmetric domain V = SOo(20, 2)/SO(20) x S0(2). We regard V as the space of lines in 
Aq (?) C satisfying the two Riemann-Hodge bilinear relations: 

P = {cj G P(Ao (g) C) I u;^ = 0, oj.LJ > 0}. 

A result of Beauville [5l Thm. 2] identifies the monodromy group T with the group of automor- 
phisms 0^(A) of the lattice A which preserve the orientation of a negative definite 2-plane and the 
polarization class h. There is a natural morphism 0^(A) — > 0(Ao), whose image is 0*(Ao), the 
automorphisms of the lattice A preserving the orientation and discriminant group •= (^o)*/^o- 
In what follows, we identify the F with 0*(Ao). In particular, the action of F on P is induced by 
the action of 0"^(Ao) on Aq. 

It is a simple general fact that the period map for cubic threefolds is a local isomorphism. In 
fact, the much stronger global Torelli theorem holds in this situation by a result of Voisin [3^. It 
follows that the period map Vq is a birational isomorphism between the quasi-projective varities 
A4o and D/T. For us it is more convenient to regard Vq as a birational isomorphism between the 
compactification M of A4q and the Baily-Borel compactification (D/T)* of D/T. 

For completitude, we note that the boundary of the Baily-Borel compactification (D/T)* for 
cubic fourfolds consists of 6 Type II boundary components (labeled by root lattices), and a single 
Type III boundary component (see \27\ Thm. 1.3]). In a weak sense (explained in [27\ §4]) we can 
match the Type II GIT boundary components to the Type II Baily-Borel boundary components 
as given in table [TJ A more precise relation we will become clear in ^5.31 

2.2.1. Special loci inside the period domain. Hassett [21] has studied the period map of cubic 
fourfolds in relation to the rationality question. He introduced the following notion: 

Definition 2.8. Fix a lattice A = (1)®^^ © (-1)®^^ and an element /i G A of square 3. Let 
^0 = (^^)a) s-iicl D and F as above. For a rank 2 lattice M ^ A primitively embedded in A with 
h £ M define the hyperplane Dm by 

Dm = W eD \ uj ± M}. 

We say Dm is a hyperplane of determinant d = det(M). The union of all the hyperplanes of a 
given determinant form an arithmetic arrangement of hyperplanes. We denote the arrangement of 
hyperplanes 2 and 6 by TCoo and Ha respectively. 

The following result is contained in Hassett |21l Prop. 3.2.2, Prop. 3.2.4]. 

Lemma 2.9. With notations as in Def. \2.8\ the following holds: 

i) Dm is non-empty if and only if det{M) =0,2 mod 6; 

ii) if M and M' have the same determinant, then Dm and Dmi are conjugated by T. 

Hassett [211 §4.4] (see also ^48j, pg. 596, Prop. 1]) noticed that the image of the period map is 
contained in the complement of the hyperplane arrangement Ha U Hoo- 

Proposition 2.10. Let X be a smooth cubic fourfold. Then, Hq(X, Z) nH^'^(X) can not contain 
a primitive class 5 such that either 

i) 6' = 2, 

ii) or 6^ = 6 and 5.x = mod 3 for all x G Hq(X, Z). 

The hyperplanes orthogonal to 5 are hyperplanes of determinant 6 and 2 respectively. Consequently, 
the image of the period map satisfies: Im(Vo) C {D\ {Hoo U Ha))/^- D 
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Remark 2.11. We call 5 G Aq with 5'^ = 2 a root, and 5 G Aq with 5^ = 6 such that 6.x = mod 3 
for all X € Aq a generalized root. We note the following facts: 

i) The monodromy group F = 0*(Ao) is generated by reflections in the roots of Aq (see jSj 
pg. 9-10]). The reflection hyperplanes constitute the arrangement TCa- 

ii) The reflection in a generalized root ss{x) = x — 2^|^ defines an automorphism of Aq. In 

fact, ss G 0+(Ao), but ss F. The group 0+(Ao) is generated by reflections in roots and 
generalized roots. We have 

0+(Ao) = r X Z/2Z, 

where Z/2Z acts on F by a reflection in a generalized root. The reflection hyperplanes in 
generalized roots give the arrangement Tioo- 

2.2.2. The discriminant automorphic form. We note that the moduli space of cubic fourfolds con- 
structed via the period map behaves similarly to the moduli space of degree two K3 surfaces. The 
basic observation (used also in [271 §4]) is that from arithmetic/combinatorial point of view the 
cubic fourfolds and degree two K3 surfaces correspond to the Eq and Ej lattices respectively. 

Notation 2.12. Let A' := Il26,2 the unique even unimodular lattice of signature (26, 2). We denote 
by D' the type IV domains associated to Aq and A' respectively. 

We note that there exists a unique embedding of Aq in A' and (Ao)}^;/ — Eq. We fix the mutual 
orthogonal embeddings Aq ^ A' and Eq ^ A. In particular, it follows that we have a natural 
embedding D ^ D' . The same construction (modulo the sign) works also for degree two K3 
surfaces, just replace Eq by E^. Following Borcherds et al. [7J we obtain: 

Proposition 2.13. There exists an automorphic form ^ on D such that 

i) the weight of $ is 48; 

ii) the vanishing locus of ^ is Tioo U7i/\; 

iii) (p vanishes of order 1 along 7i/\ and of order 37 along Ti^ . 
We call <I> the discriminant automorphic form. 

Proof. The situation is formally the same for degree two K3 surface. We follow [71 Thm. 1.2, Ex. 
2.1]. On T)' there exists an automorphic form $12 vanishing exactly along the hyperplanes 7^5, 
where 5 is a root of A'. By restricting <I>i2 to T) and dividing by the product of the linear forms 
which vanish along the hyperplanes Ti^ containing D, we obtain an automorphic form <I> on T>. The 
weight of $ is the weight of <I>i2 plus half the number of roots of Eq. 

The vanishing locus of $ is the union of hyperplanes Ti which are the restrictions to T> of 
hyperplanes of type Tis for 5 a root of A'. The condition that Ti^ n 2? 7^ gives that ((Aq)^/, 5) is 
positive definite. Since (Ao);^' — obtain the following two possibilities: 

(1) either 5 _L Eq, in which case ((Ao)f,, 5) = Eq B Ai, 

(2) or <5 / Ed, in which case {{Ao)i,,6) ^ E7. 

In the first case ?is restricted to P is a hyperplane of determinant 6. Similarly, the second case 
gives a hyperplane of determinant 2. Conversely, each hyperplane of determinant 2 or 6 is of type 
(1) or (2) respectively. The order of vanishing is computed as in [7, Ex. 2.1]. □ 

2.3. Degenerations of Hodge Structures for cubic fourfolds. One of the main aspects of our 
work is the study of 1-parameter families of cubic fourfolds from the point of view of variations of 
Hodge structures. In this section we collect a series of general results of this theory, and specialize 
them to the case of cubic fourfolds. 
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Definition 2.14. A 1-parameter degeneration / : A' — > A is a proper analytic map with smooth 
generic fiber (where X is an analytic variety and A is the unit disk). We denote by Xq the special 
fiber, by Xt the generic fiber, and by X^o = X^a* xa* f) the canonical fiber, where — s- A* is the 
universal cover of the punctured disk. We also say that f is a 1-parameter smoothing of Xq. 

2.3.1. Limit Mixed Hodge Structures. To a 1-parameter degeneration there is associated a canonical 
limit mixed Hodge structure on HJ^^j^ := W^(Xoq,Q) by Schmid and Steenbrink. To fix the notation 
and terminology we recall a few general facts (for a survey see |34j ) . The monodromy T of the 
family over the punctured disk is quasi-unipotent. After a ramified base change of type t ^ t^ one 
can further assume that T is actually unipotent. We will assume this in what follows. We fix n to 
be the dimension of the fiber. 

Let A'^ = logT be the logarithm of the monodromy. It is a nilpotent endomorphism acting on 
the cohomology H[Jj^ with index of nilpotence u (i.e. N'^ = 0, but N'^~^ ^ 0). The weight filtration 
Wk on H^j^ is determined by N (see [Ml pg- 106-107]), and in particular we have 

u = max{fc I GrJ^fcHgjn 7^ 0} + 1. 

The limit mixed Hodge structure has built-in symmetry: 

i) Gr^(H[Jj^) carries a pure Hodge structure of weight k; 

ii) A^'^ : GrJ^^(H^j^) — > Gic^_j^{}i'^^^) is an isomorphism of Hodge structures of type {—k, —k). 
Additionally, the possibilities for the limit mixed Hodge structure are restricted by the Hodge 
structure of the general fiber Xt. Namely, H[Jj^ is isomorphic as vector space to H"(Ai) and 

iii) dime FPHg^ = dime FPH"( At) ([39, Cor. 11.25]). 

2.3.2. The case of cubic fourfolds. We specialize the above discussion to the case of degeneration 
of cubic fourfolds. First, since the Hodge structure on the middle cohomology of a smooth cubic 
fourfold is of level 2 (i.e. H^'^ = if |p — g| > 2), it follows that the index of nilpotence of A^ is at 
most 3. Similarly to the case of K3 surfaces, based on the nilpotence index we define 3 types of 
degenerations. 

Definition 2.15. Let / : A" — > A be a 1-parameter degeneration of cubic fourfolds. Assume that 
the monodromy T is unipotent. We say that / is a Type I (II, or III) degeneration if the index of 
nilpotence v oi N = logT is 1 (2, or 3 respectively). 

A simple fact that we use is that the type of a degeneration is determined by the non- vanishing 
of a graded piece of HJ^jj^. 

Lemma 2.16. Let f : X ^ A be a 1-parameter degeneration of cubic fourfolds. Then f is a Type 

II degeneration if and only if GvYufi^ 7^ 0. In this case GvYufi^ is a Tate twist of the Hodge 
structure of an elliptic curve E, i.e. Gr^Hfi^^Hi(E)(-l). Similarly, f is a Type III degeneration 
if and only i/ Gr^Hj^j^^ 7^ 0, in which case GiY^fi^ is a trivial 1-dimensional Hodge structure of 
weight 2. 

Proof. Since Xt is a smooth cubic fourfold, we have dime i*'^H^(At) = and dime -F^H'^(Aj) = 1. 
Thus, the only possibly non-zero Hodge numbers in weight at most 3 are h^'^, h^''^, and /i^'^. 
Additionally, they satisfy (by item iii above) h"^'^ + h"^'^ + h^'^ = 1. The claim follows. □ 

We note that the type of a degeneration is closely related to the Baily-Borel compactification as 
follows. A 1-parameter degeneration of cubic fourfolds gives a variation of Hodge structures over 
the punctured disk. This induces a period map g : A* — T>/T, which then extends to a holomorphic 
map A — > (P/r)*. For Type I degenerations the limit point lim;2^o 5'(-2) belongs to the interior 
D/T. In contrast, the limit point of a Type II (Type III) degeneration belongs to a Type II (Type 

III respectively) boundary component. 
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2.3.3. The specialization morphism. The formalism of vanishing cycles ([9l Exp. XIII]) relates the 
limit mixed Hodge structure of a smoothing to the mixed Hodge structure of the central fiber via 
the specialization morphism: 

sp„:H"(Xo)^H;^^. 
We recall the basic construction as needed in our situation. 
First, from the specialization diagram: 

(2.17) 




A 

we define the functor of nearby cycles Tpf : D^(A') —>■ D^^{Xq) by 

iPfT' :=i*RTT,TT*T\ 

There exists a natural comparison map i*J^' ipfj^*, and the specialization morphism sp„ is 
defined to be the cohomology map associated to c. The functor of vanishing cycles 4>f is the cone 
over the morphism c. By definition there exists a distinguished triangle: 

(2.18) i*J^' ^pfT' 

in derived category D^(Xo) (see §4.2]). 

We are interested in the situation when T* is the constant sheaf Cjy ■ Taking the hypercohomology 
associated to (j2.18p . we obtain a long exact sequence relating the cohomology of the central fiber 
with the cohomology of the canonical fiber Xoq'. 

(2.19) • • • ^ H"(Xo) ^ H[J^ ^ M^{<PfC;,) ^ H"+i(Xo) ^ . . . 

Furthermore, the vanishing cohomology ^'^{(pfC^) can be endowed with a natural mixed Hodge 
structure making (j2.19p an exact sequence of mixed Hodge structures. Since a morphism of mixed 
Hodge structures is strict with respect to both the weight and Hodge filtration, sp„ maps W''^{Xq) 
to H|'j^ (where H^'"^ = Gr^Gr^^H for a mixed Hodge structure H). In particular, the statement 
sp^ is an isomorphism on the {p, q) components is well-defined. 

In our situation, Xt is either a cubic fourfold or a K3 surface, and n represents the dimension of 
Xf. In particular, there is no odd cohomology. Thus, we have: 

(2.20) iP~\Xt) = }P+\Xt) = 0, 
It follows that (j2.19p reduces to a five-term exact sequence: 

(2.21) ^ M^-H4>fC^) ^ H"(Xo) ^ H[J^ ^ ^""(H^x) ^ H"+i(Xo) ^ 0. 
To compute the vanishing cohomology we note the following spectral sequence: 

(2.22) i^f'" = RP{Xo,Wicl>fC^)) =^ mP+\<l>fC^) 

Furthermore, the stalk of the cohomology sheaf TC'' is the reduced cohomology of the Milnor fiber: 

(2.23) n''{ct)fC;,), = Ri{F,;C), 

where as usually Fx is the intersection of the generic nearby fiber with a small open ball centered at 
X. In particular, 'W{4>f'Cx) ^^^^ supported on the singular locus of Xq ([10, Prop. 4.2.8]). The total 
space X of the degeneration might be singular, but in our situation (degeneration of hypersurfaces) 



it has at worst local complete intersection singularities. Therefore, the range for which there exists 
non-vanishing cohomology for the Milnor fiber is the same as in the smooth case ( [10|, Prop. 6.1.2]). 

In particular, in the case that the special fiber Xq has at worst isolated singularities, one obtains 
that the specialization morphism sp„ is injective ([HI Prop. 2.7], 6.2.2, 6.2.4]) and an exact 
sequence of mixed Hodge structures: 

(2.24) ^ H"(Xo) ^ HS^ ^ e,,eSing{Xo)H"(X,) ^ R^+HXo) ^ 

where H"'(Xj) is the cohomology of the Milnor fiber at Xi endowed with the mixed Hodge structure 
of Steenbrink [15] . Similarly, if the central fiber has 1-dimensional locus the first part of the exact 
sequence ()2.2ip reads: 

(2.25) ^ B'{Xo,n'''HHCx)) - H"(Xo) ^ HlJ^ ^ . . . 

3. The monodromy around semistable cubic fourfolds 

The main result of this section is the control of the monodromy for degenerations of cubic 
fourfolds which are not of Type IV. 

Theorem 3.1. Let / : Af — > A 6e a 1-parameter smoothing of a semi-stable cubic fourfold Xq with 
closed orbit. The following holds: 

i) if Xq has Type I then f is a Type I degeneration; 

ii) if Xq has Type II then f is a Type II degeneration; 

iii) if Xq has Type III then f is a Type III degeneration. 

(see go and Def. \KM 

Proof. By Lemma I2.16| the monodromy of the family is determined by the non- vanishing of H^j^ 
for p = 3, 2, or 1. By Prop. 13.41 the non- vanishing of YP'^{Xq) implies the non-vanishing of H^j^. 
The claim now follows from the computation of the mixed Hodge structure of the central fiber 
(Prop. EZD- □ 

Due to the finiteness of the monodromy, for Type I fourfolds a stronger result holds. Namely, 
the period map extends over the locus M. of such fourfolds. 

Proposition 3.2. The period map for a cubic fourfolds Vq : A4o T>/T extends to a morphism 
V : M ^ T> /T over the simple singularity locus A4 C A4. The image of M\A4q under the extended 
period map V is contained in H/\/T . 

Proof. Let o E A1 \ Mq correspond to a cubic fourfold Xq with simple isolated singularities. The 
statement is analytically local at o, and stable by finite base changes. Since is a geometric 
quotient, after shrinking and a possible finite cover, we can assume that a neighborhood of o in 
is a 20-dimensional ball S. We can further assume that there exists a family of cubic fourfolds 
X ^ S with at worst simple isolated singularities and fiber Xq over o. Let o G S be discriminant 
hypersurface. Over S\Ti the family X gives a variation of Hodge structures defining the period map 
Vq. By the removable singularity theorem [181 pg. 41] (also [16 . Thm. 9.5]), the extension statement 
is equivalent to the monodromy representation ■Ki{S\T,,t) Aut(H^(X(, Z)) (for t G S\T,) having 
finite image. 

The fourfold Xq is GIT stable, thus it has finite stabilizer. For cubic fourfolds we have the 
identity n{d — 2) — 2 = d, where n — 1 = 4 is the dimension and d = 3 the degree. It follows then 
from [121 Cor. 1.6] (also [13]) that the family X gives a simultaneous versal deformation of the 
singularities of Xq. Thus, the composition of the Kodaira-Spencer map TqS —>■ Ext^(0^^, Oxo) 
with the natural local-to-global map for Ext gives a surjection: 

(3-3) ToS H°(Xo,£'xtc,^^(17^Q,Oxo)) - ©p,GSmg{Xo)T(Xo,p,)' 
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where T^^^ denotes the tangent space to the miniversal deformation of the hypersurface sin- 
gularity {Xo,pi). Let Si be basis of the miniversal deformation of the singularity at pi, and Sj 
the corresponding discriminant. Since S is smooth, after a possible shrinking, we obtain a nat- 
ural submersive morphism S Yl^ Si such that T, is the pullback of the discriminant divisor in 
Y\- Si. Since all the singularities of Xq are of type A-D-E, the structure of {Si, Sj) is well under- 
stood. In particular, it follows that the local monodromy group at o is a product of (finite) Weyl 
groups of type A-D-E. Also, after a finite base change, we can assume that the discriminant T, is 
a normal crossing divisor. The extension statement now follows from the removable singularities 
theorem. Furthermore, the period point corresponding to Xq is left invariant by the reflections in 
the vanishing cycles. Thus, it belongs to Ha/T (Remark 12. lip . □ 

3.1. Reduction to the central fiber. 

Proposition 3.4. Let Xq be a semistable cubic fourfold with closed orbit of Type I-III. Let X ^ IS. 
be any 1-parameter smoothing of Xq, and consider the associated specialization morphism sp^ : 
H^(Xo) —> H^jj^. If Xq has isolated (non-isolated) singularities then sp^ induces an isomorphism 
(resp. injection) on the {p,q) components of corresponding mixed Hodge structures for all p and q 
with p + q < A and {p, q) ^ (2, 2). 

Proof. We divide the proof in two cases: either Xq has isolated singularities, or not. 

Case 1 (Isolated singularities): Assume that Xq has only isolated singularities which are sus- 
pensions of the types listed in definition 12.41 From the exact sequence ()2.24p : 

H^(Xo) ^ Hfi^ ej..gSmg(X„)H'^(-'^i) • • • 

and the strictness of the morphisms of mixed Hodge structures, we see that it is enough to prove 
the following claim: 

(*) //Gr^Gr^gH4(Xi) ^ then {p,q) G {(2,2), (3,2), (2,3), (3,3)}, where R'^{Xi) is the vanishing 
coholomogy of a smoothing of a simple, simple elliptic, or cusp singularity. 

We note the following facts about the mixed Hodge structure on the vanishing cohomology: 

i) {the local nature) the mixed Hodge structure on H^(Xj) depends only on the germ of the 
smoothing {X,Xi) (cf. [171 pg. 560]); 

ii) {the semicontinuity property) dimGr^H'^(Xj) is independent of the smoothing (cf. [47, Cor. 
2.6]). 

From the semicontinuity property, it follows immediately that if (*) holds for a smoothing, then 
it holds for any smoothing. We therefore check (*) for the standard Milnor fibrations of the 
singularities An, D^, E^., E^., and Tp ^ respectively. For these singularities the computation of the 
mixed Hodge structure on the Milnor fiber is well known (see [26, II.8]). In fact, (*) is equivalent to 
the statement that the spectrum of those singularities (in dimension 4) is included in the interval 
[1,2]. This settles the case of isolated singularities. 

Case 2 (Non- isolated singularities): Let C be the 1-dimensional singular locus of Xq, and Cj 
its irreducible components. In our situation, the singularities of C are of type Aqo at all but a 
finite number of points. At these special points the singularity is of type Dqo or degenerate cusp 
(suspensions of the singularities occurring in Def. 12. 4p . We denote by C (and Ci) the non-special 
locus. We note two simple facts: 

i) C = UiCi is disconnected (i.e. any point of intersection is special); 

ii) 'Ki{Ci) is non-trivial (in fact, either Ci is elliptic and Ci = Ci, or Ci is rational and there 
are either 2 or 4 special points depending on the type of the degeneration). 
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We recall, the exact sequence ()2.25p : 



(3.5) ^ u\Xo,nHH^;,)) - nHxo) ^ hL ^ . . . 

and that 

where Fx is the Milnor fiber at x. In particular, the sheaf of vanishing cycles is supported on 
the 1-dimensional singular locus. The injectivity statement is equivalent to saying that the mixed 
Hodge structure on the vanishing cohomology satisfies Gr^pK^ {Xo,?i'^ {(j) fC;^)) = for p <2. 

The analysis of the vanishing cycles in the case of 1-dimensional singular locus is relatively well 
understood (see [H], [26l II.8.10]). Specifically, we stratify C = Si U Eq such that the vanishing 
cycles form a local system over Si (for us Si = UiCi, and Sq are the special points). Since, the 
transversal singularity is Ai, we obtain a 1-dimensional local system over Si. Since the vertical 
monodromy, given by the natural action of 7ri(C'j) (see [44^ Ch. 3]), is non-trivial on each component, 
there are no non-zero sections of the local system over Si. Thus, the sections of 'H^i'f'f^x)) 
supported on the special points. In the type II case we only have special points of type Doo, but then 
}i^{Fx) = ([44, pg. 5]). Thus, H°(Xo,'H^(0/C;t')) = ^or the Type II case. For the Type III case, 
we note that the situation is local around the special points. Via the generalized Thom-Sebastiani 
theorem |4H [T9] the computation of the vanishing cohomology is reduced to the surface case, but 
since the singularities are restricted to the list given in 12.41 we obtain Gi^pB.^{Xo,TC^{(j)fCp^)) = 
for p < 2 (see ^ Thm. 2]). □ 

Remark 3.6. We note that the analogue of (*) in the surface case is equivalent to the condition that 
spectrum is included in [0, 1]. This in turn is equivalent to the singularities being log canonical. 
In conclusion, the isolated singularities for which Prop. 13.41 holds are precisely the simple, simple- 
elliptic, and cusp singularities (compare |42l Thm. 1.2], [11, Thm. 4.13]). 

3.2. The Mixed Hodge Structure of Type I III fourfolds. The middle cohomology of a 
smooth cubic fourfold carries a pure weight 4 Hodge structure. If the cubic fourfold is singular, it 
becomes rational; it is birational to via the projection map from any singular point. This allows 
us to reduce the computation of the mixed Hodge structure in the singular case to a standard com- 
putation for degenerations of K3 surfaces. Consequently, we obtain the following result, concluding 
the proof of Theorem 13. 1[ 

Proposition 3.7. Let Xq be a semistable cubic fourfold with closed orbit. Then 

i) if Xq is of Type I then H^^Xq) is a pure Hodge structure of weight 4 with H^'^^Xq) / 0; 

ii) ifXo is of Type II then Gr^H'^(Xo) / 0; 

iii) ifXo is of Type III then Grf H''(Xo) / 0. 

Proof. If Xq is smooth there is nothing to prove. Assume that Xq is singular. Let p G Sing(Xo) 
and TTp : Xq — ^ be the projection map. In §3.2.11 (esp. Cor. I3.13p . we relate the Hodge 
structure of Xq to the Hodge structure of the surface Sp, the base locus of vr"^. The surface Sp is 
a K3 surface, or a degeneration of K3 surfaces. Thus, the proposition follows from standard facts 
on degenerations of K3s. The case by case analysis is done in 13.141 13.161 and 13.171 for Type I-III 
respectively. □ 

3.2.1. The Hodge structure of a singular cubic fourfold. Let Xq be a singular cubic fourfold (irre- 
ducible and reduced). We choose a singular point p € Xq and assume additionally: 

(*) corankp(Xo) < 3 and no line contained in Sing(Xo) passes through p. 
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The linear projection tt^ with center p gives a birational isomorphism between Xq and P^. The bi- 
rational map vTp can be resolved by blowing-up the point p. The result is the following commutative 
diagram: 



(3.8) 




where Qp is the projectivized tangent cone at p, Sp C P is the surface parametrizing the lines of 
Xq through p, and Ep = g~^{Sp) is the exceptional divisor of g. 

The following facts about the surface Sp are essentially contained in O' Grady [38j . 

Proposition 3.9. With notations as above, assume that p € Xq is a singular point satisfying (*). 
Then the following hold: 



ii) 
iii) 

ivl 



Sp is the scheme theoretical complete intersection of a quadric and cubic in F^; 
Sp is reduced (but possibly reducible); 
Sp has only hypersurface singularities; 



the singularities of Sp are in one-to-one correspondence, including the type, with the singu- 
larities of X . 

Furthermore, the morphism g of 113. 8\) is the blow-up o/P^ along Sp. In particular, Ep is a ¥^ -bundle 
(locally trivial in the Zariski topology) over Sp. 

Proof. The first statement is well-known (e.g. [381 Remark 5.11]). Explicitly, we can assume that 
Xq is given by: 

-'^o : {xoQ{xi, ...,X5) + F{xi, ...,X5) = 0), 
with Q and F non-vanishing homogeneous polynomials of degree 2 and 3 respectively. The surface 
Sp is the complete intersection of Q and F. The two assumptions from (*) are equivalent to saying 
that Q is reduced, and that Q and F are not simultaneously singular. In particular, since at any 
point of Sp we can choose either Q or F as a local parameter, we obtain iii). The relation between 
the singularities of Sp and those of Xq and X was analyzed in O'Grady [38l Prop. 5.15] and Wall 



p. 2]. We emphasize the fact that Arnold's splitting lemma gives that the singularities of X 
are double suspensions of the singularities of Sp, i.e. the singularities of X and Sp are of the same 
analytic type (see [49, pg. 7]). 

The statement about g is [38l Prop. 5.14]. We note that since Sp is a reduced complete intersec- 
tion there is no ambiguity about the blow-up. Furthermore, the normal bundle A/^ /p4 is a rank 2 



vector bundle over Sp, giving the statement about E, 



□ 



Since both / and g are explicit blow-ups, we are able to compute the Hodge structures of Xq from 
that of Sp. We recall for a proper birational modification there exists a Mayer- Vietoris relating the 
cohomologies of the spaces involved. Specifically, assume that we are given: 



E' 



X 



D ^X 

with X and X projective varieties, f : X ^ X a. projective birational morphism, D the discriminant 
of / and E = -k^^{D). Then there exists a long exact sequence of mixed Hodge structures, the 
Mayer- Vietoris for the discriminant square: 

(3.10) > H"-^^) ^ H"(X) ^ H"(X) e H"(Z)) ^ H"(^) ^ H"+^(X) ^ . . . 
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(see [391 Cor. 5.37]). 

We apply the exact sequence (j3.10p to the two birational modifications occurring in the diagram 
(j3.8p . First, we relate the cohomology of Xq with that of the blow-up X. 



Lemma 3.11. Let Xq be a singular cubic fourfold (irreducible, reduced), and p a singular point 
satisfying (*). Then, the pullback f* : H^(Xo) —^ il'^{X) induces a {p,q) -isomorphism for all 
{p,q)^ (2,2). 

Proof. The morphism / is the blow-up of the singular point p. Thus, the relevant part of the 
sequence ()3.10p reads: 

• • • ^ h3(Qp) ^ R\Xo) - RHX) - h4(Qp) ^ . . . 

It follows easily that for the reduced quadric Qp we have H^((5p) = and H^((5p) is of pure weight 
4 and type (2,2). □ 

Next, we relate the cohomology of the X with that of the surface Sp. 
Lemma 3.12. With notations and assumptions as above, 

dimGr],GrJJ^2H^X) = dimGi^FGi^ii^iSp) 

for n = 0, 1, 2. 

Proof. We consider the exact sequence (|3.10p for the birational morphism g of (j3.8p . We obtain: 
> H^(P^) ^ U\X) U\Sp) ^ nHEp) ^ H^(P^) = 

Both H^(P^) = C, and H^(5p) carry a pure weight 4 Hodge structure of type (2,2) (for Sp this 
follows from \39\ Thm. 6.32]). Thus, the restriction map H^(X) H^(ii^p) is a (p, (7)-isomorphism 
for all {p,q) 7^ (2,2). The claim now follows from the fact that Ep is a projective P^-bundle over 
Sp (cf. Prop. [32D. □ 

In conclusion, we obtain: 

Corollary 3.13. Let Xq be an irreducible, reduced cubic fourfolds, and p E Xq a singular point 
satisfying (*). Then Gr^GrJ^2H^(^o) = and 

dimGr],GrJ^2H^Xo) = dimGr^^GrJf H2(5p) 

for n = 0, 1, 2. 

3.2.2. The Type I case. The verification of the purity of the Hodge structure for a Type I fourfold 
is straight-forward: either directly invoking a resolution or by reducing to K3 surfaces. We choose 
the latter approach as it works also for Type II and HI fourfolds. 

Lemma 3.14. Let Xq be a cubic fourfold with at worst simple isolated singularities. Then H'*(Xo) 
carries a pure Hodge structure of weight 4. Furthermore, II^'^^Xq) ^ 0. 

Proof. Assume Xq is singular, and choose any singular point p. The claim follows from Cor. 
13.131 provided that Sp has at worst simple (du Val) singularities. According to Prop. 13.91 the 
singularities of Sp are in bijective correspondence, and of the same type, as the singularities of X. 
The singularities of X are of two types: either they come from Xq \ {p}, or they lie over p. In either 
case they are simple singularities and the lemma follows. □ 

Remark 3.15. A closely related statement is O'Grady \38\ Prop. 5.9, 5.28]. We remark that the 
proof of [38, Prop. 5.9] (see [38, §5.4.4]) works under the assumption that Sp is a surface with at 
worst du Val singularities. 
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3.2.3. The Type II and III case. 



Lemma 3.16. Let Xq be a Type II cubic fourfold with closed orbit. Then we can chose a singular 
point p G Xq satisfying (*) (see ^3.2.1]) such that the surface Sp associated to the projection from p 
is a Type II degeneration of K3 surfaces (i.e. Gr5^H^(5p) / 0/ Thus, Gr3^H'^(Xo) ^ 0. 

Proof. All the singularities of a Type II fourfold Xq have corank at most 3. Furthermore, for all the 
cases a-(j) we can find a singular point p not lying on a singular line. Thus, we can choose a point p 
satisfying (*). According to Prop. 13. 9^ the resulting surface Sp is reduced having only hypersurface 

singularities. Since Xq is of Type II, the surface Sp has only simple, Er, ^oo, or Doo singularities. 
Thus, the surface Sp is a degeneration of degree 6 K3 surfaces with only insignificant singularities 
in the sense of Shah (see Def. E^]). From Shah [121, Thm. 2] it follows that dim Gr^H2(S'p) = 1. 
Since by construction Sp has at least one non-du Val singularity, we have Gr^H^(S'p) ^ for either 
A; = 1 or A; = 0. A case by case analysis shows that A; = 1 in our situation. 

We exemplify the computation only in the case 5. In this case, the cubic fourfold Xq has 3 
singularities of type Eq. We choose one of them as the projection center p. The resulting surface 
Sp is the union of two surfaces Si and S2. Both Si and 52 are cones over over the same elliptic 
curve C = 5*1 n By the Mayer- Vietoris sequence, we have 

> Hi(Si) e Hi(52) ^ Hi(C) ^ H2(5p) ^ h2(5i) e h2(52) ^ . . . 

The resolution of Si (for i = 1,2) is a ruled surface Si over C. Moreover, the exceptional divisor 
of Si Si is isomorphic to C. It then follows that 11^(54) = and l^{Si) is 1-dimensional, 
carrying a Hodge structure of type (1,1). In conclusion, we have Gr5^H^(S'p) = H^(C) and the 
claim follows. □ 

The case of cubic fourfolds of Type III is similar. Only the case C, is special (all the singularities 
are double lines), but this is handled by a direct computation. We get: 

Lemma 3.17. Let Xq be a Type III fourfold with closed orbit. Then Gr^H^(Xo) 7^ 0. □ 

Remark 3.18. The singularities of a Type II fourfold (see Def. 12. ip can be resolved as follows: 

(1) p € Xq is a singularity of type Er. Locally, the equation of Xq at p is given by 

(/(xi, X2, X3) + 0:4x5 = 0) e (C^ 0), 

where /(xi,X2,X3) is weighted homogeneous polynomial of degree 1 with respect to the 
weights (|, |, |), {\, \, |), and (5, g, ^) for r = 6, 7 and 8 respectively. A weighted blow-up 
(ordinary for r = 6) of p gives a birational morphism X' Xq such that 

i) there are two exceptional divisors Ei and E2 isomorphic to weighted projective spaces; 

ii) the exceptional divisors meet transversally in a weighted projective space P; 

iii) the fourfold X' is singular along an elliptic curve C C P, with only Aq^ singularities. 
The singularities of X' are now resolved by blowing C (see step (2) below). We denote by 
E the resulting exceptional divisor. 

(2) Xq is a fourfold singular along an elliptic curve C, with only A^o singularities. A blow-up 
along C resolves the singularities of Xq. The resulting divisor E has the structure of a 
non-degenerate quadric bundle over C (i.e. every fiber is a smooth quadric surface). 

(3) Xq is a fourfold singular along a rational curve C, with singularities at all but 4 distinct 
points along C, where the singularities are of type Doo- A blow-up along C resolves the 
singularities of X. The resulting divisor E has the structure of a quadric bundle over C 
with 4 degenerate fibers. 
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We note that in all cases the threefold E has the property that its intermediate Jacobian is the 
Jacobian of an elliptic curve. This follows from Deligne [9l pg. 75, Thm. 3.3] in the smooth case, 
or from Beauville [4j in the degenerate case. 

The previous remark says that the computation of mixed Hodge structures for cubic fourfolds 
of Type II is formally the same as that of K3 surfaces of Type II: just replace an elliptic curve by 
a quadric bundle having the same Hodge structure. The only difficulty for such an approach is to 
understand the contribution of the smooth part Xq™ to the computation of Hodge structures. In 
the K3 surface case this is easy because we are working with S\C where 5 is a rational or elliptic 
ruled surface and C is an elliptic curve. 

4. Degenerations to Type IV fourfolds 

Due to the presence of bad singularities, the monodromy arguments of the previous section fail 
in the case of cubic fourfolds of Type IV (see also |2H §4.4] and [21 §5]). This implies that the 
period map has singularities along the curve x C In this section we prove that a certain 
blow-up of A4 resolves these singularities. More precisely we do the following. In 14. H using that 
X parametrizes fourfolds with large stabilizer we blow-up A4 along x according to the canonical 
Kirwan desingularization procedure (see [S]). Next, in HA.2\ we prove that the resulting space Ai 
has a modular interpretation. Essentially, the exceptional locus oi Ai ^ Ai parametrizes quadric 
bundles canonically associated to degree two K3 surfaces. Furthermore, the singularities allowed for 
these quadric bundles are of the same type as those of Type I-III fourfolds. Thus, via the blow-up 
procedure we replace the Type IV fourfolds by Type I-III fourfolds, for which we can control the 
monodromy as in section [31 

4.1. The Kirwan desingularization along x- We start by recalling the setup of Kirwan [24]. 
Let G be a reductive group, acting on a smooth projective variety P. For R a reductive subgroup 
of G we denote by Zf^ the subset of semistable points stabilized by R. Then, to each conjugacy 
class of reductive subgroups with Zff ^ there is associated a natural blow-up of the GIT quotient 
P//G. The center of the blow-up is the closed subset {G ■ Zf^)//G. The resulting space is again 
a GIT quotient, but with simpler singularities. By performing this procedure a finite number of 
times starting with the highest dimensional subgroup R, one obtains a space with only quotient 
singularities. 




Figure 1. The adjacencies of connected reductive subgroups with Zf^ ^ 

In our situation A4 = ¥Sym^W//G, where G = SL(6) is the standard G-representation. The 
determination of the conjugacy classes of subgroups R as above follows easily from the GIT com- 
putation of [27J. Specifically, the minimal subgroups are Ra, ■ ■ ■ , Rs corresponding to the GIT 
boundary strata a-6 ( [271 §2.3]). These boundary strata further specialize to the strata r, X: 
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and uj. The resulting subgroups and the corresponding inclusions are given in figured] (for a similar 
situation see [23l pg. 66]). 

We now do the first two steps of Kirwan partial desingularization. Namely, we blow-up A4 with 
respect to R^j, followed by the blow-up with respect to R^. We denote the resulting variety M, 
and by A4 the intermediary blow-up. Thus, ^A is the blow-up of M in the point lo, and M. is the 
blow-up of A4 along the strict transform of x- To understand the geometry associated to these two 
blow-ups we need to take a closer look at the local structure of at u; and x- 

4.1.1. The blow-up of the point lo. The moduli of cubic fourfolds is obtained as the quotient of the 
action of G = SL(6) on P := F{H^{F^, Op5(3))) = ¥{Sym^W). Let lo e M be the special boundary 
point. The preimage of a; in P contains a unique closed orbit, say the orbit of x G P^^. 

The local structure (in the etale topology) of the quotient A4 is described by Luna's slice theorem 
[361 App. D]. Specifically, there exists a G^^-invariant slice W to the orbit G ■ x. The slice W can 
be taken to be a smooth, affine, locally closed subvariety of P such that U = G ■ W is open in P. 
We then have the following commutative diagram with Cartesian squares: 

Gxg^M^ Gxg^W U C P 



J^x//G^ 3^ W//G^ U//G c P//G 

where Gx denotes the stabilizer of x, and Afx the fiber of the normal bundle of the orbit G ■ x. The 
Kirwan desingularization is compatible with Luna's slice. In particular, the exceptional divisor of 
the blow-up of Ai at the point corresponding to G • x is the quotient ^{Mx)//Gx (|24i Rem. 6.4]). 

We recall that the point lo corresponds to the secant variety X of the Veronese surface S in 
P^. It follows that Gx — SL(3), acting in the standard way on the singular locus S of X. The 
Veronese surface 5 C is the image of P2 embedded by 0^2(2) in P^ Thus, there is a natural 
identification W = Sym^V of SL(3)-representations such that S C P(VF) is left invariant (where V 
is the standard SL(3) representation). We obtain the decomposition in irreducible summands 

(4.1) Sym^W ^ Sym^SymV ^ SymV r2,2 C 

(cf. [15^ (13.15)]). It then follows easily that the natural representation of SL(3) on the normal 
slice Afx is isomorphic to Sym^V. In conclusion, from Luna's slice theorem and this computation 
we have obtained the following precise description of the blow-up of the point lo: 

Corollary 4.2. The point lo ^ M has an etale (or analytic) neighborhood isomorphic to the affine 
cone over the moduli space of plane sextic curves. The Kirwan blow-up of M. at the point lo is 
isomorphic when restricted to this neighborhood to the natural blow-up of the vertex of the cone. In 
particular the exceptional divisor is isomorphic to the GIT quotient for plane sextics. 

4.1.2. The blow-up of the curve x- We repeat the computation from the previous section for the 
strict transform of the curve x- We recall that the singular locus of a fourfold giving a minimal orbit 
of type X is a rational normal curve of degree 4. It follows that (at least generically) Gx — SL(2), 
for x € P with closed orbit and mapping to x- Similarly to the case lo we obtain: 

Lemma 4.3. Let x & P be a semistable point with closed orbit, mapping to x- Then the natural 
representation of G^ = SL(2) on the normal Afx is isomorphic to 

(4.4) Sym^V Sym^ C, 



where V denotes the standard SL(2) representation. 
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Proof. A fourfold of type x is singular along a rational normal curve of degree 4 contained in a hy- 
perplane of P^. It follows (as in ^4.1.ip that we can naturally identify W to the SL(2) representation 
Sym'^y e C. We then have 

(4.5) Sym^W ^ Sym3(SymV © C) ^ Sym3(Sym^F) © Sym2(SymV) © Sym^y © C 

^ Sym^V ^ (Sym®1/)®2 e Sym^V © (SymV)®^ © C®^ 

The lemma now follows from the identification of the summands in the normal sequence: 

Tg.x,x Tp^x ^ AAx ^ 

(e.g. the representation on Tg.x,x is computed by using G ■ x = G/Gx)- □ 

To interpret geometrically the result of the previous lemma, we recall the situation of plane sextics 
studied by Shah [l3]. Namely, to resolve the rational map from GIT quotient of plane sextics to 
the period domain of degree two K3 surfaces, one needs to blow-up the point corresponding to the 
triple conic. The stabilizer is again SL(2), and the representation on the normal slice is 

(4.6) Sym^V ^ Sym^V 

The two summands of (|4.6p correspond in Shah's notation ([331 Pg- 498-500]) to $ and H respec- 
tively. In conclusion, by comparing (14. 4p and (14. 6p . we can say that the blow-up of x is locally the 
product of the affine line with the exceptional divisor obtained by Shah [43', §5]. The divisor 
corresponds to elliptic degree two K3 surfaces. These special degree two K3 surfaces are not 
double covers of , but instead are double covers of the Hirzebruch surface F4 embedded in P^ as 
the cone S4 over a rational normal curve of degree 4. 

Remark 4.7. It is well known that a for degree two K3 surface {S,H) the polarization 2H is base 
point free and defines a morphism to P^. In the generic case the image of S is the Veronese surface, 
and in the special (unigonal) case the image is S^. In both cases the branch curve is cut by a cubic 
fourfold. Thus, from our point of view the two cases behave similarly. 

4.2. Modular interpretation of the blow-up A4 —>■ M.. In §4.1.11 and §4.1.21 we have noted 
the natural occurrence of the moduli of degree two K3 surfaces in the blow-up of M along x- The 
statement there is purely representation theoretic. Here we give a geometric interpretation to this 
observation (e.g. we give a modular interpretation for Cor. 14. 2p . 

To start, we recall the computation of the semi-stable reduction for generic pencils of cubic 
fourfolds degenerating to the secant variety of Veronese surface V (Hassett [21"", §4.4]). Let Af ^ A 
be such a degeneration with Xq the special fiber (the secant to the Veronese). The total space X is 
singular along the degree 12 curve C = XtCiV . After a base change of order 2, and the blow-up of 
the Veronese surface, we obtain a semi-stable model — > A. The new central fiber X'q is the union 
of two normal crossing components Xq and E. The fourfold Xq = Ililb^(P^) is the resolution of 
Xq ^ Sym2(p2), and E is a quadric bundle over V = F'^ with discriminant the curve G. The two 
components meet in a P^-bundle Eq over the surface V. The key point of this computation is that 
the Hodge structure of E (at that of Xq) is essentially the Hodge structure of the degree two K3 
surface obtained as the double cover of 1/ ^ p2 branched over G. 

A closer look at Hasset's computation and at ^4. 1.1 1 shows that the entire construction is rather 
tautological. This means that we can do the semi-stable reduction simultaneously for all the 
degenerations to Xq. Namely, the exceptional divisor of the blow-up of uj can be interpreted as 
parametrizing fourfolds of type Xq = XqUeq E, where E is a quadric bundle over P^ depending only 
on the direction of approaching the point iv. An equivalent formulation is that any 1-parameter 
family of cubic fourfolds degenerating to Xq, can be filled in (after a possible finite base change) 
with a fourfold of type Xq. This follows from §4.1.11 and the following lemma: 
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Lemma 4.8. The quadric bundles E occurring in the semistable reduction of degenerations to 
the secant to Veronese are given by sections q G B.^ {f^ ,Sym^ {N* j^., O^-i) (g> 0^2(6)) =: H. 
Furthermore, we have 

(4.9) H ^ H0(p2,Sym2(AA*/p5) ® Op2(6)) eH0(p2,A/V/p5) ©H°(p2,Op2(6)) 

and the section q can be taken of type q = qo + f with qo € H'^(P^, Sym^(A/'yyp5) C'p2(6)) a 
tautological G-invariant section and f S H'^(P^, C'p2(6)) the equation of the discriminant curve C. 

Proof. A quadric bundle E over P^ of relative dimension k can be embedded in a projective bundle 
P(A^) over P^, and is defined by a section q G H°(p2, Sym2(iV) C'p2(a)) for some a G Z (cf. d 
Prop. 1.2]). The discriminant curve is then given by the induced section: 

A e H°(p2,Sym2(det(^)) ® C'p2((A; + 2)a). 

We are interested in the quadric bundle E over the Veronese surface V = F'^, and its hyperplane 
section £^0 (viewed as a non-degenerate conic bundle). As the semi-stable reduction is obtained by 
blowing-up the Veronese surface, we have Eq C F^Afy^^^) and E C P(7Vyyp5 © Oy) ([211 Lemma 
4.4.3]). The following basic facts about the normal bundle Afy/f^B are well known ([131 Lemma 2.7]): 

i) A/'^/ps = sjm\nl,y, 

ii) Afy^p5{2) = A/V/p5(— 1) (the twist is taken with respect to Op5(l)); 

iii) Eq corresponds to the section 

qo G H0(Sym2(Ary/p5(-l)) Ov{-l)) Hom(Ar*/p5(l), A/V/p5(-l) ® Ov{-l)) 

given by the duality isomorphism of ii). Furthermore, qo is SL(3)-invariant. 
Using ii), we rewrite iii) as qo G H''(Sym^(A/'y^p5) ^ Op2(6)). The lemma now follows from [21} 
Lemma 4.4.3] by noting the surjection H°(P^ Op5(3)) ^ R^{V, Oy(3)) ^ H°(p2, Op2(6)). □ 

The computations of the previous lemma can be made explicit, in particular we get the following 
statement about the singularities of the quadric bundle E. 

Lemma 4.10. Let E be a quadric bundle as in lemma Then the singularities of E are in 

one-to-one correspondence, including the type, with the singularities of the discriminant curve C . 

Proof. We choose [/ C P^ an open affine over which TVy/ps is trivialized. Then, locally over U , 
Eq (Z W"^ X U ^ U IS given by xf -|- X0X2 and C P'^ x [7 ^ [/ by f{x,y)t^ + xf -|- X0X2, where 
(x, y) are affine coordinates on [7, / is the equation of the discriminant curve, and (xq : xi : X2 : t) 
are homogeneous coordinates on P^. Since £^0 is a smooth hyperplane section of E we can assume 
t = 1. It follows that the singularities of E are suspensions of the singularities of C. □ 

In conclusion, we can interpret the exceptional divisor of the blow-up of the point w G A^ as 
the moduli space of the quadric bundles E as described above. The stability condition on E is 
equivalent to the stability condition on the discriminant curve C as a plane sextic (i.e. lemma l4?8l 
and the decomposition ()4.ip are compatible). Thus, the exceptional divisor of the blow-up M ^ M. 
is naturally stratified in 4 types: 

(Type r) the open stratum parametrizing quadric bundles E with at worst simple singularities; 
(Type ir) four strata parametrizing quadric bundles with E^, ^00 or Dqo singularities (corresponding 

to the Type II in Shah [43, Thm. 2.4]); 
(Type III') the locus of quadric bundles with cusp or degenerate cusp singularities (Type III in [33]); 
(Type IV') a single point corresponding to the intersection of the exceptional divisor with the strict 
transform of the curve x (corresponding to the triple conic). 
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We now blow-up M. along the curve x- The effect of this blow-up is to replace the Type IV' case 
by introducing only fourfolds of Type I'-III'. The computation is based on ^4.1.21 and is similar to 
the case of the blow-up of lv. The stability condition is the stability condition of Shah [43, Thm. 
4.3]. Therefore, using the blow-up M ^ A4 any 1-parameter family of cubic fourfolds degenerating 
to Type IV can be filled in with a fourfold of type I'-III'. By definition the singularities of type 
I'-Iir are double suspensions of the singularities of the list 12.41 ^-re divided in types in the 
same way as the types l-lll. Since the arguments of the proposition 13.41 are local, they apply in this 
situation as well. It follows that the type of the degeneration is determined by the mixed Hodge 
structure of the central fiber. By construction, except the H^'^ part, this mixed Hodge structure 
is isomorphic to the Tate twist of the (mixed) Hodge structure of the associated (degeneration of) 
degree two K3 surface (see also [2TI §4.4]). We conclude as in section [3) 

Proposition 4.11. Let f : X ^ A be a 1-parameter degeneration (with unipotent monodromy) 
with the generic fiber a smooth cubic fourfold, and the special fiber X'q of Type F, IF, or IIF. Let 
N be the logarithm of the monodromy, and v its index of nilpotence. Then the following holds: 

i) if Xq has Type F then v = 1; 

ii) if Xq has Type IF then v = 2; 

iii) if X'q has Type IIF then = 3. 

Furthermore, in the case i) the limit mixed Hodge H^^^ is pure and the corresponding period point 
belongs to Tioo/^- D 

Remark 4.12. The occurrence of degree two K3 surfaces and of the secant to Veronese surface 
can be also explained as follows. The Beauville-Donagi construction ([6j) shows that the Fano 
variety F of lines on a cubic fourfold X is an irreducible symplectic fourfold with a degree 6 
polarization. The condition that the period of X lies in TYoo/T is equivalent (via the Abel-Jacobi 
map a : H'^{X, Z) — s- Il'^{F, Z)) to the condition that Pic(-F) contains two classes g (the polarization 

/ 6 2 

class) and / such that the intersection matrix (w.r.t. the Bogomolov-Beauville form) is: 



2 

By considering the classes g' = g — f and 5 = 5 — 2/ (of square 2 and —2 respectively, and 
mutually orthogonal), one recognizes 7Yoo/r as corresponding to the locus of symplectic fourfolds 
of type F = Hilb^(S') for S a degree 2 K3 surface. The morphism given by g' is the composition 
Hilb^(5) — > Sym^(S') — > Sym^P^ P^, where Sym^P^ = Xq is the secant to the Veronese surface. 
It follows that the map defined by = 2g' — S is not birational onto the image, and F is not the 
Fano variety on a cubic fourfold. Instead, F can be viewed as parametrizing the lines on the quadric 
bundle E considered in this section. 

5. Proof of the main results 

5.1. Proof of Theorem II. IL We consider the GIT compactification M of the moduli space of 
cubic fourfolds. We blow-up the variety Ai along the locus of Type IV fourfolds (the point uj and 
x) as described in ^4.1[ The result is a projective variety Ai compactifying the moduli space of 
smooth cubic fourfolds. The statements about the boundary of M.\M. from [27j, and those about 
the exceptional locus of ^ from §4.21 give the following statement: Any 1-parameter family 
of smooth cubic fourfolds f* : X* A* can be filled in (after a possible finite base change) to a 
proper analytic family f : X ^ A with the central fiber of type I-III or F-IIF. 

The period map Vo '■ Mo V/T is a birational morphism of quasi-projective varieties with its 
image contained in {V \ {Ti.A U Hoo))/^ (see y2.2p . Furthermore, it extends to a regular morphism 
V : M ^ T) /T over the simple singularities locus ^A d ^A (Prop. 13. 2p . The statement about the 
image of the period now follows from the monodromy results. Namely, fix a point E T>/T. We 
choose a holomorphic arc g : A ^ T> /V with special point such that the generic point belongs to 
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the image of the period map of smooth cubic fourfolds (an open and dense subset in 'D/T). After 
pull-back, and a finite base change we can assume that g\^* comes from a family of smooth cubic 
fourfolds X* — > A*. Thus, we can fill-in to a family A" — > A with central fiber Xq of Type I-III 
or I'-Iir. Since by assumption the limit point lim^-^o 9(2:) belongs to T)/T, the monodromy of the 
family X* is finite ([8l Thm. 13.4.5]). From the monodromy computation of l3.1l and I4.11l it follows 
that Xq is either of Type I or I'. In the Type I' case we point o belongs to the arrangement Tioa-, 
and in the singular case to 7^ a- D 

5.2. Proof of the Theorem 11.21 The statement follows directly from Thm. 11.11 and the general 
result of Looijenga [311 Thm. 7.6]. The situation is formally the same as that of low degree K3 
surfaces treated by Looijenga [3ll §8] (esp. (HU Thm. 8.6]). 

Let G = SL(6), and P = PSym^VF be the linear system of cubics in P^. On P we consider the 
natural polarization rj = Op{n) (for some appropriate n; here n = 2), and define C/ G y to be the 
G-invariant open subset parametrizing cubic fourfolds with at worst simple isolated singularities. 
In order to apply |31[ Thm. 8.6] we note two important facts: 

\) P\U has high codimension (at least 2) in P ; 

ii) the points of U are stable with respect to the action of G on P ( [271 Thm. 1.1]). 

Let L be the automorphic line bundle over the domain D, and C the induced line bundle on the 
quotient D/V. We denote T)^ = T>\ Tioo and X^ = T>^/T. Since i) and ii) are satisfied. Theorem 
|3H 7.6] gives an isomorphism of graded algebras (and thus Theorem 1 1.2p : 

provided an identification of ([/, r]\u)/G with {X^ , C\x")- By definition A4 is the geometric quotient 
{U,r]p)/G, and thus we have an identification A4 = U/G with X^ (Thm. II. ip . but without the 
polarization statement. In the case hypersurfaces the identification of polarizations is automatic 
from Griffiths' residue theory (see [31^ Thm. 8.6] for the similar case of degree 4 K3 surfaces). □ 

5.3. Arithmetic properties of the arrangement of hyperplanes T^oo- We close by noting 
some arithmetic facts about the hyperplane arrangement Tioo, which, via the the identification given 
by Theorem [L2l recover a posteriori part of the information given by the GIT compactification A4 
(see \33\ Remark 3.2] for the similar situation of cubic threefolds). 

We recall that the birational transformation between the Looijenga compactification X'^ = A4 
(Thm. II. 2p associated to the hyperplane arrangement TCoo and the Baily-Borel compactification 
X^'' := {V/T)* fits in a diagram: 

(5.1) ^0 



XO--^ X^^ 

(the notations are those of Looijenga [31]). The map X^ X^^ is a small morphism that makes 
the Weil divisor defined by Tioo Q-Cartier. Then X^ X^ blows-up the strict transform of 
the hyperplane arrangement Tioo in the usual way (starting with the highest codimension self- 
intersection stratum). Finally, the morphism X'^ X^ contracts the hyperplane arrangement. 
The effect of this birational map is to flip a codimension k intersection of hyperplanes in X^^ to a 
(k — l)-dimensional stratum in X^. 

The fact that the period map has indeterminacy locus the curve x (with the special point w G x) 
corresponds to the arithmetic statement that at most 2 hyperplanes from Tioo intersect inside D. 
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Lemma 5.2. Keep notations as in definition \2.8\ (in particular /i G A fixed). Let Mi be distinct 
rank 2 sublattices of determinant 2 of A with h E Mi for i = 1, . . . ,n (with n > 2). Assume that 
the suhlattice M = Span(Afi, . . . ,-/Vf„) generated by the Mi is positive definite. Then the rank of M 
is 3. Furthermore, the isometry class of M and the embedding in M ^ A are uniquely determined 
(modulo T), and {M)j^ ^ E®^ 

Proof. Each of the lattices Mj are spanned by h and an element Xi such that xf = h.Xi = 1. 
Assuming rank(M) = 3, we have h,Xi,Xj € M such that /i^ = 3, h.Xi = 1, and Xi.Xj = a for some 
a € Z. The condition that M is positive definite gives a = 0. Similarly, it follows that it is not 
possible to have rank(M) > 4. The embedding statement follows from Nikulin [37]. □ 

Notation 5.3. In what follows we use the notation: 

M,= [l ;) and M3=(|l 1 j 

for the positive definite lattices occurring in the previous lemma. The lattice M2 defines a hyper- 
plane of determinant 2, and the lattice M3 corresponds to the intersection of two such hyperplanes. 

As for the intersection of the hyperplanes from TIoq with the boundary of "D, we have: 

Lemma 5.4. Let M be a lattice spanned by linear independent elements {h, xi, . . . , x„} with h.h = 
3, h.Xi = 1; cLnd Xi.Xi = 1 for all i. Assume that M is positive semidefinite with at most 2- 
dimensional null space. Then M is isometric with one of the following lattices: 

i) the positive definite case: M2, M3; 
h) rank 1 null space: M2 0, M3 0; 
iii) rank 2 null space: M2 0®^, M3 0®^; 

(where denotes the rank 1 lattice with null intersection form). In each of these case M can be 
embedded primitively in the lattice A (with h (z M). 

Proof. We start by making two basic observations. First, the condition of positive semidefinite 
lattice gives that Xi.Xj is either or 1. We also observe that Xi.v = Xj.v for all v G M implies that 
we can split off a null summand (by changing the base element xj to Xj — Xi). The following are 
then easy to check: 

• if Xi.Xj = 1, then Xi.v = Xj.v for all v G M; 

• at most 3 of the Xi are mutually orthogonal; 

• if Xi.Xj = Xj.Xk = Xi.Xk = for i 7^ j 7^ /c, then the sublattice spanned by {h'^,Xi,Xj,Xk} is 
isometric to M3 0. 

The claim follows from these properties and the condition on the dimension of the null space. □ 

To explain the effect of the birational transformation Xq --■>■ X^'^ on the boundary of the Baily- 
Borel compactification, we recall that the Baily-Borel compactification is done by adding six 1- 
dimensional Type II boundary components and a single Type III boundary point. The Type II 
(Type III) boundary components correspond to rank 2 (rank 1 respectively) classes of isotropic 
sublattices E of Aq (mod F). These were classified in \27[ Thm. 1.3], and are listed below: 

- Ee type: E®^, An e Dr, 

- Er type: Ej Dio, An; 

- Es type: S| A2, Die A2; 

(the label corresponds to the root sublattice contained in E-^/E; the "type" is explained by [27t 
Lemma 4.3]). From Lemma 15.41 it follows: 
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Corollary 5.5. Let h ^ A and Aq = (h)-^ be as above. Assume E is a primitive rank 2 isotropic 
sublattice of Aq . Then the following holds: 

i) If E is of type Eq, then there is no extension of the embedding E(B{h) ^ A to an embedding 
E®M2^ A (note that E and h e M2 are fixed); 

ii) // E is of type Ej, then we can extend the embedding E © {h) ^ A to an embedding 
E ® M2 ^ A, but not to an embedding © M3 ^ A 

iii) // E is of type Eg, then we can extend the embedding E ® {h) ^ A to an embedding 
E®M^^ A. 

Furthermore, when the extension exists, it is unique mod T. □ 
In conclusion, we obtain the following geometric consequences: 

Corollary 5.6. With notations as above, the following hold: 

i) The GIT boundary components a and 5 associated to the type Eq Baily-Borel components 
are unaffected by the birational transformation from 15. In particular, these strata are 
1-dimensional and the period map extends to a morphism over the stratum a and 6. 

ii) The strata 7 and (p associated to the Ej type are 2- dimensional and are affected only by the 
blow-up of the point uj. 

iii) The strata (5 and e are three dimensional, and they are affected by both blow-ups of §^.i[ 



Proof. From corollary 15 .51 it follows that the Looijenga's compactification has six Type II bound- 
ary strata of dimensions 1,2,3 depending on the type. Theorem 11.21 identifies X'^ with the GIT 
compactification M . The claim then follows from the generic identification of table [H □ 

References 

1. D. Allcock, The moduli space of cubic threefolds, J. Algebraic Geom. 12 (2003), no. 2, 201-223. 

2. D. Allcock, J. A. Carlson, and D. Toledo, The Moduli Space of Cubic Threefolds as a Ball Quotient, 
math. AG/0608287 (2006), 1-77. 

3. V. I. Arnol'd, S. M. Gusem-Zade, and A. N. Varchenko, Singularities of differentiable maps. Vol. I, Monographs 
in Mathematics, vol. 82, Birkhauser, Boston, MA, 1985. 

4. A. Beauville, Varietes de Prym et jacobiennes intermediaires, Ann. Sci. Ecole Norm. Sup. (4) 10 (1977), no. 3, 
309-391. 

5. , Le groupe de monodromie des families universelles d'hyper surf aces et d'intersections completes, Complex 

analysis and algebraic geometry (Gottingen, 1985), Lecture Notes in Math., vol. 1194, Springer, Berlin, 1986, 
pp. 8-18. 

6. A. Beauville and R. Donagi, La variete des droites d'une hypersurface cubique de dimension 4, C. R. Acad. Sci. 
Paris Ser. I Math. 301 (1985), no. 14, 703-706. 

7. R. E. Borcherds, L. Katzarkov, T. Pantev, and N. I. Shepherd-Barron, Families of K3 surfaces, J. Algebraic 
Geom. 7 (1998), no. 1, 183-193. 

8. J. A. Carlson, S. Miiller-Stach, and C. A. M. Peters, Period mappings and period domains, Cambridge Studies 
in Advanced Mathematics, vol. 85, Cambridge University Press, Cambridge, 2003. 

9. P. Deligne and N. Katz (eds.), Groupes de monodromie en geometric algebrique. II, Springer- Verlag, Berlin, 1973, 
Seminaire de Geometrie Algebrique du Bois-Marie 1967-1969 (SGA 7 II), Lecture Notes in Math., Vol. 340. 

10. A. Dimca, Sheaves in topology, Universitext, Springer- Verlag, Berlin, 2004. 

11. I. V. Dolgachev, Cohomologically insignificant degenerations of algebraic varieties, Compositio Math. 42 
(1980/81), no. 3, 279-313. 

12. A. A. du Plessis, Versality properties of projective hypersurfaces. Real and Complex Singularities, Trends Math., 
Birkhauser, Basel, 2006, pp. 289-298. 

13. A. A. du Plessis and C. T. C. Wall, Singular hypersurfaces, versality, and Gorenstein algebras, J. Algebraic Geom. 
9 (2000), no. 2, 309-322. 

14. L. Ein and N. I. Shepherd-Barron, Some special Cremona transformations, Amer. J. Math. Ill (1989), no. 5, 
783-800. 

15. W. Fulton and J. Harris, Representation theory. Graduate Texts in Mathematics, vol. 129, Springer- Verlag, New 
York, 1991. 

23 



16. P. A. Griffiths, Periods of integrals on algebraic manifolds. III. Some global differential-geometric properties of 
the period mapping, Inst. Hautes Etudes Sci. Publ. Math. (1970), no. 38, 125-180. 

17. P. A. Griffiths (ed.), Topics in transcendental algebraic geometry, Annals of Mathematics Studies, vol. 106, 
Princeton, NJ, Princeton University Press, 1984. 

18. P. A. Griffiths and L. Tu, Curvature properties of the Hodge bundles, Topics in transcendental algebraic geometry, 
Ann. of Math. Stud., vol. 106, Princeton Univ. Press, 1984, pp. 29-49. 

19. G. Guibert, F. Loeser, and M. Merle, Iterated vanishing cycles, convolution, and a motivic analogue of a conjecture 
of Steenbrink, Duke Math. J. 132 (2006), no. 3, 409-457. 

20. P. Hacking, Compact moduli of plane curves, Duke Math. J. 124 (2004), no. 2, 213-257. 

21. B. Hassett, Special cubic fourfolds, Compositio Math. 120 (2000), no. 1, 1-23, (long version available at 
http:/ /math. rice.edu/ hassett/papers.html). 

22. B. Hassett and Y. Tschinkel, Rational curves on holomorphic symplectic fourfolds, Geom. Funct. Anal. 11 (2001), 
no. 6, 1201-1228. 

23. F. Kirwan, Moduli spaces of degree d hypersurfaces in P„, Duke Math. J. 58 (1989), no. 1, 39 78. 

24. F. C. Kirwan, Partial desingularisations of quotients of nonsingular varieties and their Betti numbers, Ann. of 
Math. (2) 122 (1985), no. 1, 41-85. 

25. J. KoUar and N. I. Shepherd-Barron, Threefolds and deformations of surface singularities, Invent. Math. 91 
(1988), no. 2, 299-338. 

26. V. S. Kulikov, Mixed Hodge .•structures and singularities, Cambridge Tracts in Mathematics, vol. 132, Cambridge 
University Press, Cambridge, 1998. 

27. R. Laza, The moduli space of cubic fourfolds (The singularities of cubic fourfolds and the GIT compactification), 
arXiv:0704.3256vl [math.AG] (2007). 

28. E. Looijonga, The period map for cubic fourfolds, to be posted on Arxiv. 

29. , The smoothing components of a triangle singularity. 11, Math. Ann. 269 (1984), no. 3, 357 387. 

30. , New compactifications of locally symmetric varieties. Proceedings of the 1984 Vancouver conference in 

algebraic geometry (Providence, RI), CMS Conf. Proc, vol. 6, Amer. Math. Soc, 1986, pp. 341-364. 

31. , Compactifications defined by arrangements. II. Locally symmetric varieties of type IV, Duke Math. J. 

119 (2003), no. 3, 527 588. 

32. E. Looijenga and R. Swierstra, On period maps that are open embeddings, arXiv:math.AG/0512489 (2005). 

33. , The period map for cubic threefolds, arXiv:math.AG/0608279 (2006). 

34. D. R. Morrison, The Clemens- Schmid exact sequence and applications. Topics in transcendental algebraic geom- 
etry, Ann. of Math. Stud., vol. 106, Princeton Univ. Press, 1984, pp. 101-119. 

35. D. Mumford, Stability of projective varieties, Enseignemont Math. (2) 23 (1977), no. 1-2, 39-110. 

36. D. Mumford, J. Fogarty, and F. Kirwan, Geometric invariant theory, third ed., Ergebnisse der Mathematik und 
ihrer Grenzgebiete (2), vol. 34, Springer- Verlag, Berlin, 1994. 

37. V. V. Nikulin, Integral symmetric bilinear forms and some of their applications. Math. USSR Izvestiya 43 (1980), 
no. 1, 103-167. 

38. K. G. O'Grady, Irreducible symplectic 4-folds numerically irreducible symplectic 4--.folds numerically equivalent to 
equivalent to {K3)^^\ preprint (2005). 

39. C. Peters and J. H. M. Steenbrink, Mixed Hodge Structures, Springer- Verlag, 2007 (preprint). 

40. H. C. Pinkham, Singularites exceptionnelles, la dualite etrange d'Amold et les surfaces K — 3, G. R. Acad. Sci. 
Paris Ser. A-B 284 (1977), no. 11, A615-A618. 

41. M. Saito, On Steenbrink's conjecture. Math. Ann. 289 (1991), no. 4, 703-716. 

42. J. Shah, Insignificant limit singularities of surfaces and their mixed Hodge structure, Ann. of Math. (2) 109 
(1979), no. 3, 497-536. 

43. , A complete moduli space for K3 surfaces of degree 2, Ann. of Math. (2) 112 (1980), no. 3, 485-510. 

44. D. Siersma, The vanishing topology of non isolated singularities. New developments in singularity theory (Cam- 
bridge, 2000), vol. 21, Kluwer Acad. Publ., 2001, pp. 447-472. 

45. J. H. M. Steenbrink, Mixed Hodge structure on the vanishing cohomology. Real and complex singularities (Oslo, 
1976), SijthofT and NoordhofT, Alphen aan den Rijn, 1977, pp. 525 563. 

46. , Cohomologically insignificant degenerations, Compositio Math. 42 (1980/81), no. 3, 315-320. 

47. , Semicontinuity of the singularity spectrum. Invent. Math. 79 (1985), no. 3, 557-565. 

48. C. Voisin, Theoreme de Torelli pour les cubiques de P®, Invent. Math. 86 (1986), no. 3, 577-601. 

49. C. T. C. Wall, Sextic curves and quartic surfaces with higher singularities, preprint. 

50. M. Yokoyama, Stability of cubic hypersurfaces of dimension 3 and 4, preprint. 

University of Michigan, 1832 East Hall, Ann Arbor, MI 48109 
E-mail address: rlazaOumi ch.edu 



24 



